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EXTERIOR PRODUCTS OF ZERO-CYCLES
MATT KERR
Abstrat. We study the exterior produt CH0(X)⊗CH0(Y )→
CH0(X × Y ) on 0-yles modulo rational equivalene. The main
tools used are higher yle- and AJ-lasses developed in [L1℄ and
[K2℄. The theorem of [RS℄ (applied to 0-yles) appears as a speial
ase of our results.
1. Introdution
Sine Jannsen's formal denition (in [J4℄) of a onjetural Bloh-
Beilinson ltration on the Chow groups of smooth projetive varieties,
a number of andidates have been put forth in the algebrai geometry
literature. Those of Murre [M℄ and S. Saito [sS℄ are purely geometri,
given in terms of the ation of orrespondenes on yles. Raskind's
approah [Ra℄ is arithmeti, pulling bak a ltration on ontinuous étale
ohomology (arising from the Hohshild-Serre spetral sequene) along
Jannsen's yle-lass map. On the other hand, Griths-Green [GG1℄,
Lewis [L1℄ and M. Saito [mS℄ favor a Hodge-theoreti approah, using
the Deligne-lass map to pull bak a Leray ltration on ohomology to
the Chow group; entral here is the idea of spreading out a yle.
Under reasonable onjetural assumptions, these ltrations not only
all yield BBF's  they all oinide (e.g., see [K1℄). However, they
are still quite useful in the absene of these assumptions, for instane
in deteting yles in the kernel of the Abel-Jaobi map. Exterior
produts of homologially trivial yles, yield suh yles; and in this
paper we turn our attention to the simplest ase: produts Z1 × Z2
of degree-zero 0-yles, onsidered on the produt of the varieties on
whih they lie individually.
Let Y1, Y2 be smooth projetive varieties of resp. dimensions d1 = 1,
d2; and let Z2 ∈ CHhom0 (Y2) be suh that AJ(Z2) is nontorsion in
J1(Y2). By the result of Rosenshon-Saito [RS℄ one knows that if Y1,
Y2, Z2 are all dened over K ⊆ C (say, nitely generated /Q¯) but
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Z1 ∈ CHhom0 (Y1/C) is not
1
dened /K¯, then Z1×Z2 has innite order
in CH0(Y1×Y2).
2
The prototypial example is the 0-yle (P1−O1)×
(P2 − O2) on a produt of urves C1,C2 dened /Q¯, where P1 ∈ C1(C)
is very general while O1 ∈ C1(Q¯), P2, O2 ∈ C2(Q¯) and AJ(P2 − O2) is
nontorsion.
Our Theorem 1 generalizes their result to d1 > 1, replaing the
above ondition on Z1 by (essentially) the requirement that its K¯-
spread Z¯1 ∈ Zd1(Y1×S1) indue a nontrivial map of holomorphi forms
Ωj(Y1)→ Ωj(S1) for some 1 ≤ j ≤ d1. Indeed, if d1 = 1 and Z¯1 indues
the zero map Ω1(Y1) → Ω1(S1), then one an show that there exists
a K¯-speialization of Z1 having the same AJ lass, hene (as d1 = 1
=⇒ Y1 is a urve) the same
rat
≡-lass  ontraditing the [RS℄ ondition
on Z1. So for d1 = 1 the onditions are equivalent. The result leads
to a generalization of the prototypial example above to produts of
several urves; this was our original aim.
Returning to the Bloh-Beilinson piture, the ltration of Lewis
leads to the higher yle- and Abel-Jaobi- lasses cli(·) and AJ i(·)
of [K2℄; we desribe how to ompute these below. The point is that
if we interpret Theorem 1 in terms of these invariants, it says (mod-
ulo GHC) that cljY1(Z1) 6= 0 and AJ
(0)
Y2
(Z2)[= AlbY2(Z2)] 6= 0 =⇒
AJ jY1×Y2(Z1 × Z2) 6= 0, where the latter AJ
j
is omputed by a sort of
up produt of cljY1 and AJY2. This points the way to the muh broader
generalization of Theorem 2, where we start with nontrivial higher in-
variants clj1Y1(Z1) and AJ
j2
Y2
(Z2) for both yles and ask when the up
produt AJ j1+j2Y1×Y2(Z1×Z2) (orresponding to the exterior produt of y-
les) is nontrivial. The answer involves a deliate quotient of the higher
Abel-Jaobi lass AJ j2Y2(Z2) and areful onsideration of the elds of
denition of Z1 and Z2. (In fat, there are two dierent quotients
obtained by suessive projetions AJ j(Z) 7→ AJ j(Z)tr 7→ AJ j(Z)tr;3
see eqn. (4).)
Here is a more preise statement of our main results: let Y1, Y2 be
smooth projetive (of any dimensions d1, d2) and dened /Q¯, and L•
1
i.e., up to rational equivalene lass (a notion whih makes perfet sense as
CH0(Y1/K¯) →֒ CH0(Y1/C)).
2
Below this will be written simply Z1 × Z2 /
rat
≡ 0, beause we take all yle /
ohomology groups ⊗Q (i.e., modulo torsion).
3
note: sine overlines are used to denote both quotients (as here) and omplex
onjugation in this paper, footnotes usually alert the reader in the latter ase.
(A bar also denotes ompletion / Zariski losure but this is only for yles and
varieties.)
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denote Lewis's ltration on CH0. Denote by 〈Z〉 ∈ CH0 the
rat
≡-lass
of Z ∈ Z0.
Theorem 1
′
. Given
(a) a eld K ⊆ C nitely generated /Q¯ (set j := trdeg(K/Q¯)),
(b) 〈Z1〉 ∈ LjCH0(Y1/K) with omplete Q¯-spread Z¯1 ∈ Zd1(Y1×S/Q¯)
induing a nonzero map Ωj(Y1)→ Ωj(S),
() 〈Z2〉 ∈ CHhom0 (Y2/Q¯) with nontorsion Albanese lass in Alb(Y2).
Then Z := Z1 ×Z2 /
rat
≡ 0 in Lj+1CH0(Y1 × Y2/K); in partiular,
AJ jY1×Y2(Z)
tr 6= 0.
The two Corollaries provide various extensions  to the ase where
j < trdeg(K/Q¯), or where a seond nitely generated eld L takes the
plae of Q¯.
Here is a simple onsequene of this Theorem (from Example 2
below). If Ci/Q¯ (i = 1, . . . , m + 1) are smooth projetive urves
with pi ∈ Ci(C) very general points, oi ∈ Ci(Q¯) (i = 1, . . . , m),
and W ∈ CHhom0 (Cm+1/Q¯) has nontorsion AJ-lass in J
1(Cm+1), then
(p1 − o1)× · · · × (pm − om)×W /
rat
≡ 0. This was previously known only
for m = 1 (by [RS℄).
If Theorem 1′ represents an appliation of new invariants to an out-
standing problem, the next Theorem an be seen as a statement about
the behavior of the invariants themselves under exterior produt.
Theorem 2
′
. Given
(a) K1, K2 ⊆ C f.g. /Q¯ with ompositum K satisfying trdeg(K1/Q¯) +
trdeg(K2/Q¯) = trdeg(K/Q¯),
(b) 〈Z1〉 ∈ Lj1CH0(Y1/K1) with cl
j1
Y1
(Z1) 6= 0,
() 〈Z2〉 ∈ Lj2CH0(Y2/K2) with either
(i) clj2Y2(Z2) 6= 0 OR
(ii) AJ j2−1Y2 (Z2)
tr 6= 0 and clj2Y2(Z2) = · · · = cl
d2
Y2
(Z2) = 0.
Assume the GHC.
Then Z := Z1 ×Z2 /
rat
≡ 0 in Lj1+j2CH0(Y1 × Y2/K). In partiular,
when (i) holds, clj1+j2Y1×Y2(Z) 6= 0;
when (ii) holds, AJ j1+j2−1Y1×Y2 (Z)
tr 6= 0.
The Proposition of §4 states what an be proved without the GHC, and
has Theorem 1′ as the speial ase orresponding to (ii) with j2 = 1.
In addition to these results there are several important lemmas whih
will be valuable in further appliations (e.g. [K1, se. 7℄).
3
This paper was written at the University of Chiago and MPI-Bonn;
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2. Preliminaries
2.1. Hodge strutures. A HS of weight m is a nite-dimensional Q-
vetor-spae H(Q) with a ltration F
•
on HC := H ⊗Q C suh that
F iHC ⊕ Fm−i+1HC = HC = F
0HC. We denote F
iHC ∩ Fm−iHC =:
Hi,m−i(C) and note HC = ⊕p+q=mH
p,q
. A Q-subspae G ⊆ H is a subHS
i GC = ⊕p+q=mGp,q := ⊕p+q=m (GC ∩ Hp,q). Intersetions and sums of
subHS are subHS. Moreover, the quotient H/G has a natural HS sine
HC/GC ∼= ⊕ (Hp,q/Gp,q). We write F ihH(Q) for the largest subHS ofH(Q)
ontained
4
in F iHC[∩HQ], and Q(−d) for the 1-dimensional weight 2d
HS of pure type (d, d).
For S a smooth projetive variety over a eld K ⊆ C, we write
Hm(S) for the HS Hm
sing
(SanC ,Q). The fundamental lass [Z] of an
algebrai yle
5 Z ∈ Zp(S) gives a subHS Q[Z] ⊆ H2p(S). If S = S1×
S2, the diret summands under the Künneth deomposition Hm(S) =
⊕r+s=mH
r(S1)⊗H
s(S2) are subHS; and the Künneth omponents [Z]r
of [Z] give subHS Q[Z]r ⊆ Hr(S1) ⊗ H2p−r(S2). (Of ourse tensor
produts of HS have natural HS.)
The Generalized Hodge Conjeture GHC(i,m,S) predits that
F ihH
m(S) = N iHm(S), where N• is the ltration by oniveau. The
F ih do not behave so well under the Künneth deomposition: e.g.,
F 1h (H
r(S1)⊗H
s(S2)) ⊇ F
1
hH
r(S1)⊗H
s(S2) +H
r(S1)⊗ F
1
hH
s(S2)
may be a proper inlusion. We will also need the following skew
subHS:
SF
(i,j)
h (H
r(S1)⊗H
s(S2)) := the largest subHS ofH
r(S1)⊗H
s(S2)
ontained inSF (i,j) (Hr(S1,C)⊗H
s(S2,C)) ∩ [H
r(S1)⊗H
s(S2)]
where
SF (i,j) (Hr(S1,C)⊗H
s(S2,C)) :=
F iHr(S1,C)⊗ F
jHs(S2,C) + F iHr(S1,C)⊗ F jHs(S2,C).
Note that SF
(1,ℓ)
h (for
s+1
2
≥ ℓ ≥ 0, r > 0) ontains
N1Hr(S1)⊗H
s(S2) +H
r(S1)⊗ F
ℓ
hH
s(S2)
4
equality is only true in general for m = 2i
5
Note that for our purposes, this may be dened by integration and Poinaré du-
ality: if dim(S) = d, then
∫
Z
(·) 7→ [Z] under the identiation {H2d−2p(S,C)}∨
∼=
→
H2p(S,C). It generates a subHS beause it is in fat a rational (p, p) lass.
4
(sine N1 ⊆ F 1h ⊆ F
1
C ∩ F
1
C, F
ℓHsC + F
ℓHsC = H
s
C, et.).
A morphism of HS H
θ
→ ′H is a Q-linear map whih over C takes
the form ⊕Hp,q
⊕θp,q
→ ⊕′Hp,q relative to a pair of bases subordinate to
the resp. Hodge deompositions. Images and preimages of HS under
suh a morphism are HS.
We will use systematially the following notion of a relative dual
pair of HS. This onsists of:
(a) K1 ⊆ K0 of weights 2d− 2n + 1, H1 ⊆ H0 of weights 2n− 1, and
(b) a perfet pairingH0×K0 → Q(−d) whose restrition to H1×K1 →
Q(−d) is also a perfet pairing.
The inlusions (in (a)) indue (by the duality in (b)) projetions prH :
H0 ։ H1, prK : K0 ։ K1, and the ompositions H1 ⊆ H0 ։ H1,
K1 ⊆ K0 ։ K1 yield the respetive identity maps.
6
Equivalently, one
ould replae (b) with:
(b
′
) identiations Hi ∼= K∨i ⊗ Q(−d) [whih together with (a) indue
prH, prK℄ suh that the above ompositions give the identity.
In this paper the pairings always ome taitly from Poinaré duality.
Note that prH, prK have kernels H
′
1, K
′
1 (resp.) whih satisfy: H0 =
H1⊕H
′
1, K0 = K1⊕K
′
1. (This approah to omplimentary HS's gives us
more ontrol than using the semisimpliity oming from a polarization.)
IfH is of weight 2n−1, dene the Jaobian Jn(H) := HC/ (F nHC +HQ);
and if H = K∨ ⊗ Q(−d), then Jn(H) =
(
F d−n+1KC
)∨
/K∨Q. When
H1 ⊆ H0 is a subHS, Jn(H1) →֒ Jn(H0) and Jn(H0)։ Jn(H0/H1) ∼=
Jn(H0)/J
n(H1). In the above dual pair situation, J(H0) = J(H1)⊕
J(′H1); we emphasize that sine extension followed by restrition of
funtionals H1 ⊆ H0 ։ H1 is the identity, so is the indued ompo-
sition on Jaobians. More generally a morphism θ indues a map of
Jaobians. We write Jp(H2p−1(S)) =: Jp(S).
To onstrut elements in Jaobians: let dim(S) = d, Z ∈ Zp
hom
(S),
∂−1Z = any hoie of topologial (2d − 2p + 1)-hain bounding on
Z, and let K ⊆ H2d−2p+1(S), H ⊆ H2p−1(S) be a relative dual pair.
Then
∫
∂−1Z
(·) is a well-dened funtional on F d−p+1H2d−2p+1(S,C).
(Represent the latter by C∞ forms ω ∈ F d−p+1Ω2d−2p+1S∞ (S); note that
if ω − ω′ = dα, α may be hosen ∈ F d−p+1, and use Stokes's theo-
rem.) Hene one has an element of
{
F d−p+1KC
}∨
։ Jp(H); we write〈∫
∂−1Z
(·)
〉
∈ Jp(H).
6
One should view, for example,H1 →֒ H0 as (a hoie of) extension of funtionals
from K1 to K0, and H0 ։ H1 as restrition of funtionals from K0 to K1.
5
2.2. The fundamental lemma. Let H1 ⊆ H0, K1 ⊆ K0 be a relative
dual pair of HS, with G0 ⊆ H0 a subHS losed under H0 ։ H1 ⊆ H0.
Furthermore, let HV ⊆ H1, KV ⊆ K1 be another suh pair, with H2
and K2 the resp. projetion-kernels: H1 = HV⊕H2, et. One has the
following diagram:
{F d−n+1KC0}
∨
{KQ0 }
∨
oo
∼= // J(H0)
pr1

β0 // // J
(
H0
G0
)
pr1

{F d−n+1KC
V
}∨
{KQ
V
}∨
oo
∼= // J(HV)
  ιV // J(H1)
(prV ,pr2)∼=

β1 // // J
(
H1
H1∩G0
)
J(HV)⊕ J(H2)
ggggOO
O
O
O
O
O
O
O
O
O
O
O
O
O
J(H1)
J(H1∩G0)
in whih the square ommutes and prV ◦ ιV is the identity.
Now take Ξ ∈ J(H0) with lifting Ξ˜ ∈ {F
d−n+1KC0 }
∨
, ξ ∈ J(HV) with
lifting ξ˜ ∈ {F d−n+1KCV}
∨
, suh that Ξ˜ is trivial on F d−n+1KC2 [= K
C
2 ∩
F d−n+1KC0 ] and equivalent to ξ˜ on F
d−n+1KCV. Then (prV◦pr1)(Ξ) = ξ,
(pr2 ◦ pr1)(Ξ) = 0, hene pr1(Ξ) = ιV(ξ).
Case 1: Suppose ξ 6= 0 and HV ∩ (H1 ∩ G0) = {0}. Then J(HV) ⊕
J(H1 ∩ G0) →֒ J(H1) and hene β1 annot kill ιV(ξ); we onlude that
β0(Ξ) 6= 0.
Case 2: Let G1 ⊆ H1 and suppose that πV(ξ) 6= 0 in the diagram
J(HV)
πV

  ιV // J(H1)
π

β1 // // J (H1/(H1 ∩ G0))
π

J (HV/(G1 ∩HV))
  ιV // J (H1/G1)
β1 // // J (H1/{(H1 ∩ G0) + G1})
J(H1/G1)
J((H1∩G0)/(G1∩G0))
(in whih squares ommute). Furthermore assume only that (H1 ∩
G0) ∩ HV ⊆ G1. This implies that
H1∩G0
G1∩G0
∩ HV
G1∩HV
= {0} in H1
G1
, hene
J
(
H1∩G0
G1∩G0
)
⊕J
(
HV
G1∩HV
)
→֒ J
(
H1
G1
)
. Therefore β1 annot kill ιV(πV(ξ)),
and so (by both diagrams) π(pr1(β0(Ξ))) = β1(ιV(πV(ξ))) 6= 0 =⇒
β0(Ξ) 6= 0 one again.
2.3. Points and spreads. Given S/Q¯ smooth projetive, hoose any
ane Zariski open subset S/Q¯. The embedding Q¯[S] →֒ Q¯(S) ∼= Q¯(S)
6
then produes a generi point pg on S via the omposition
Spe Q¯(S)→ Spe Q¯[S] ∼= S →֒ S. For purposes of taking ohomology,
we use the approximation ηS = lim←−U (over U ⊆ S ane Zariski open
subsets dened /Q¯) to pg; more preisely, H
i(ηS) := lim−→H
i(UanC ,Q)
while CHp(X ×Q¯ ηS) := lim−→CH
p(X ×Q¯ U) ∼= CH
p(X ×Q¯ pg). Note
that H i(ηS) := WiH
i(ηS) = im {H i(S)→ H i(ηS)} ∼= H i(S)/N1H i(S)
is a HS.
7
Given any embedding ev : Q¯(S) →֒ C whih restrits to the indentity
on Q¯, dene a geometri point p ∈ S(C) of maximal transendene
degree (= dim(S)) over Q¯ by p := pg×ev SpeC. (See [K1℄. In fat p is
dened /K, for K := ev(Q¯(S)).) Sine p lies in the omplement of the
ountably many divisors D ⊆ S dened /Q¯, we may think of it as a
geometri (losed, zero-dimensional) point of ηCS ; suh a point is alled
very general.
To dene the Q¯-spread of an algebrai yle we need part (a) of the
following:
Lemma 1. (a) Let K ⊆ C be a nitely generated extension of Q¯. Then
∃ S/Q¯ smooth projetive and a very general point p ∈ S(C) suh that
evp : Q¯(S)
∼=
→ K.
(b) Given Q¯(S1) ∼= K1, Q¯(S2) ∼= K2 two suh, Q¯(S1 × S2) ∼=
Q¯(K1, K2) ⇐⇒ trdeg(Q¯(K1, K2)/Q¯) = trdeg(K1/Q¯) + trdeg(K2/Q¯).
[Here Q¯(K1, K2) denotes the ompositum of K1 and K2.℄
Proof. (a) K = Q¯(π1, . . . , πt; α1, . . . , αs) for {πi} a transendene ba-
sis =⇒ we an map Q¯[x1, . . . , xt; xt+1, . . . , xt+s]
φ
→ K via {xi 7→
πi, xt+j 7→ αj}. Set R = im(φ), I = ker(φ), S = Var(I) ⊆ A
t+s
Q¯
.
Sine R is a division ring, I is prime and S irreduible, dimS = t =
trdeg(K/Q¯). So φ : Q¯[S] = Q¯[x1,...,xt+s]
I
∼=
→ R indues an isomorphism
of fration elds
8 Q¯(S) = Q¯(x1,...,xt)[xt+1,...,xt+s]
I
∼=
→ K; this is evaluation
at p = (π1, . . . , πt; α1, . . . , αs) ∈ S(C). Finally, take S˜ to be a desin-
gularization of S, and S to be a good ompatiation of S˜; one has
Q¯(S) ∼= Q¯(S˜) ∼= Q¯(S).
(b) As in (a), we have p = p1 × p2 = ({π}, {α}; {σ}, {β}) ∈ S1 ×
S2 ⊆ A
t1+s1
{x} × A
t2+s2
{y} for {π}, {σ} transendene bases for K1, K2 /Q¯.
Evaluation at p gives a map
Q¯[S1 × S2] = Q¯[S1]⊗Q¯ Q¯[S2] ∼=
Q¯[x1, . . . , xt1+s1 ; y1, . . . , yt2+s2 ]
I = (I
{x}
1 , I
{y}
2 )
φ
→ Q¯(K1,K2) ⊆ C.
7
In general for quasiprojetive Y , we write Hi(Y ) := im{Hi(Y )→ Hi(Y )}; this
is independent of the hoie of smooth ompatiation Y .
8S˜ denotes a desingularization of S.
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If Q¯(S1×S2)[∼= Q¯(S1×S2)] is not ∼= to the fration eld of im(φ), then
φ kills some f /≡ 0 (mod I). Sine I is prime, Nullstellensatz =⇒
I(S1×S2) = I, hene f does not vanish on S1×S2 and f = 0 uts out a
subvariety D/Q¯ of odim.≥ 1 in whih p must sit. Sine the relative di-
mension of pr : S1×S2 → A
t1
{x}×A
t2
{y} is 0, pr(p) = ({π}, {σ}) sits in a
Q¯-subvariety of At1+t2 of odim.≥ 1; therefore π1, . . . , πt1 ; σ1, . . . , σt2
are not algebraially independent. But {αi, βj} are algebrai over
Q¯({π}, {σ}), hene Q¯(K1, K2) has trdeg ≤ t1 + t2 − 1. 
Now let X be dened over Q¯, K be f.g. /Q¯, XK = X⊗Q¯ SpeK and
Z ∈ Zp(XK). (All yle and Chow groups will be taken ⊗Q; we also
write Z∗(X/K) for Z∗(XK).) By Lemma 1(a) one has evp : Q¯(S)
∼=
→
K, and we dene Zg := Z ×
ev
−1
Spe Q¯(S) ∈ Zp(XQ¯(S)). Clearing
denominators from the equations utting out the omponents of Zg
yields a yle Z¯ ∈ Zp(X × S/Q¯) whose omplexiation restrits to Z
along X×{p} →֒ X×S. (Suh a omplete spread is not well-dened
modulo
rat
≡.) One also has the obvious restrition Z ∈ Zp(X × ηS/Q¯)
whih is alled the Q¯-spread of Z. We an write this as a map
(1) CHp(XK)
∼=
→ CHp(X × ηS/Q¯).
2.4. Higher yle- and Abel-Jaobi lasses. To take the Deligne
lass of the r.h.s. of (1) we use the well-dened omposition ψ:
CHp(X×ηS/Q¯)և CH
p(X×S/Q¯)
cD→ H2pD (X×S,Q(p))։ H
2p
D (X×ηS ,Q(p))
(where H2pD denotes the image of Deligne ohomology of (X × S)
an
C in
absolute Hodge ohomology of (X × ηS)anC , see [L1℄). Write Ψ
K/Q¯ :=
ψ ◦ (1).
Lewis [L1℄ onstruts a Leray ltration L• on H2pD where (in the
notation of [K2℄)
(2)
0→ Gri−1L J
p(X × ηS)→ Gr
i
LH
2p
D (X × ηS ,Q(p))→ Gr
i
LHg
p(X × ηS)→ 0.
Taking ψ-preimages gives L on both groups of (1); and if Z ∈ Li(⇐⇒
Z ∈ Li) then its invariants in (2) are written [cD(Z)]i (or Ψ
K/Q¯
i (Z)),
[Z]i, and (if [Z]i = 0) [AJ(Z)]i−1. One has
8
(3)
GriLHg
p(X × ηS) ∼= Hom
MHS
(Q(−p), H i(ηS)⊗H2p−i(X))
→֒ H i(ηS)⊗H
2p−i(X),
(4)
Gri−1L J
p(X × ηS) ∼=
Ext1
MHS
(Q(−p),Hi−1(ηS )⊗H2p−i(X))
im{Hom
MHS
(Q(−p),GrWi Hi−1(ηS)⊗H2p−i(X))}
։ Jp
(
H i−1(ηS)⊗
H2p−i(X)
F p−i+1h H
2p−i(X)
)
։ Jp
(
Hi−1(S)⊗H2p−i(X)
SF
(1,p−i+1)
h {num}
)
,
where the rst projetion is worked out in [K2, se. 12℄.
9
The projeted
images of [AJ(Z)]i−1 are written [AJ(Z)]
tr
i−1 and [AJ(Z)]
tr
i−1.
10
(Note
that the Ext ∼= Jp(H i−1(ηS)⊗H2p−i(X)).)
To ompute [Z]i one takes the image of the Künneth omponent
[Z¯]i ∈ H i(S) ⊗ H2p−i(X) in the r.h. term of (3). If [Z¯] = 0 then one
may ompute [AJ(Z)]i−1 and its images by projeting
〈∫
∂−1Z¯
(·)
〉
∈
Jp(H i−1(S)⊗H2p−i(X)) to the appropriate term in (4).
Taking a limit over K ⊆ C f.g. /Q¯ (and using CHp(XK) →֒
CHp(XC) and the orresponding limit
11
of S's) we have ltrations and
maps
Ψ
(C/Q¯)
i : L
iCHp(XC)→ lim−→Gr
i
LH
2p
D (X × ηS , Q(p)) ;
write invariants cliX(Z) and (if this = 0) AJ
i−1
X (Z) (whih are essen-
tially [Z]i and [AJ(Z)]i−1 but without referring to K or Z).
We will use the following two lemmas in the proofs of Corollary 1
and Theorem 2. In the rst one (writing d = dimX) we take p = d,
whih orresponds to the ase where Z is a 0-yle.
Lemma 2. Let Z ∈ LiCHd(X × ηS/Q¯). If [Z]i 6= 0 and GHC(1, i,S)
holds then the indued map Z¯∗ : Ωi(X)→ Ωi(S) is nontrivial.
Proof. Noting thatN1H i(S) ⊆ F 1hH
i(S) =⇒ H i,0(ηS ,C) = H i,0(S,C),
we must show the omposition φ :
Hom
MHS
(
Q(−p), H i(ηS)⊗H
2d−i(X)
)
→֒ H i(ηS ,C)⊗H
2d−i(X,C)
9
The seond projetion (where num just means numerator) is valid by the
remarks on SF in §2.2 for i ≥ 2, and trivially for i = 1.
10
where the bar denotes image under projetion, not omplex onjugation.
11
i.e. the only maps Gri
L
H2p
D
(X×ηS ,Q(p))→ GriLH
2p
D
(X×ηS′ ,Q(p)) allowed in
the denition of the limit are those orresponding to dominant morphisms S ′ → S;
see [K2, se. 3℄.
9
։ H i,0(S,C)⊗Hd−i,d(X,C)
is injetive. An element of the Hom
MHS
is a morphism θ : H i(X) →
H i(ηS) of HS; if θ ∈ ker(φ) then
im(θ) ⊆ ker
{
H i(ηS) →֒ H
i(ηS ,C)։ H
i,0(S,C)[⊕H0,i(S,C)]
}
.
Sine moreover im(θ) is a HS, we have im(θ) ⊆ F 1hH
i(ηS); and GHC
=⇒ F 1hH
i(ηS) ⊆ N1H i(ηS) = 0. 
Lemma 3. (a) For S˜/Q¯ smooth projetive of dimension i + c, ∃ c-
fold hyperplane setion S/Q¯ s.t. restrition along S
ι
→֒ S˜ indues a
well-dened injetion H i(ηS˜) →֒ H
i(ηS).
(b) Given
¯˜
Z ∈ Zp(X × S˜/Q¯) with restrition Z¯ to X ×S (and write
Z˜, Z for their resp. restritions to X × ηS˜ , X × ηS). If cD(Z˜), cD(Z)
belong to Li of the resp. H2pD 's, then ι indues a (well-dened) injetive
map of invariants [Z˜]i 7→ [Z]i. If they belong to resp. Li+1's and [
¯˜
Z] =
0 [ =⇒ [Z¯] = 0], then ι indues injetions [AJ(Z˜)]tri 7→ [AJ(Z)]
tr
i ,
[AJ(Z˜)]tri 7→ [AJ(Z)]
tr
i .
() Assume HC. Then if cD(Z˜) ∈ LjH
2p
D (X × ηS˜ ,Q(p)), one an
hoose
¯˜
Z so that (in (b)) cD(Z) ∈ LjH
2p
D (X × ηS ,Q(p)).
Proof. (a) Arguing for c = 1, let S ⊆ S˜ be a smooth Q¯-hyperplane
setion and hoose resp. odim.-1 Q¯-subvarieties D ⊆ S, D˜ ⊆ S˜
as follows: D suiently large that H i(S \ D)
∼=
→ H i(ηS); and D˜
properly interseting S with D˜ ∩ S ⊇ D. By [AS, Thm. 6.1.1℄ (a
version of ane weak Lefshetz), H i(S˜ \ D˜) →֒ H i(S \ D˜ ∩ S) and
so H i(S˜ \ D˜)
′ι∗
→֒ H i(S \ D˜ ∩ S). Moreover, by [AK, Thm. 1.1(3)℄,
ι∗ : H i(S˜) →֒ H i(S) respets the oniveau ltration. Hene we get a
ommutative diagram
H i(S˜) // //
 _
ι∗

Hi(S˜)
imHi
D˜
(S˜)
// //
 _
′ι∗

Hi(S˜)
N1Hi(S˜)
oo
∼= //
′′ι∗

H i(ηS˜)
H i(S) // //
Hi(S)
imHi
D˜∩S
(S)
∼= // H
i(S)
N1Hi(S)
oo
∼= // H i(ηS)
from whih injetivity of
′′ι∗ is obvious. (Iterating this proedure proves
it for c > 1.)
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(b) The point is to plug the injetion of (a) into
Hom
MHS
(Q(−p), ()⊗H2p−i(X)), Jp
(
()⊗ H
2p−i−1(X)
F p−ih H
2p−i−1(X)
)
, and
Jp
(
()⊗H2p−i−1(X)
SF
(1,p−i)
h {num}
)
. This automatially yields injetions exept in
the last ase, where we need
Hi(ηS˜ )⊗H
2p−i−1(X)
SF
(1,p−i)
h
→֒ H
i(ηS)⊗H
2p−i−1(X)
SF
(1,p−i)
h
(in
order that the Jp's injet). It sues to show
SF
(1,p−i)
h,S ∩ im
{
H i(ηS˜)⊗H
2p−i−1(X)
}
= SF
(1,p−i)
h, S˜
.
This follows by desribing SF
(1,p−i)
h as the largest subHS ontained
in ker {H i(η)⊗H2p−i−1(X)→ H i,0(η,C)⊗Hp−i−1, p(X,C)} and not-
ing that H i,0(ηS˜ ,C) →֒ H
i,0(ηS ,C).
() By [mS, se. 1.6℄ we an arrange that cD(
¯˜
Z) ∈ Li
(X×S˜)/S˜
H2pD (X ×
S˜,Q(p)), by modifying an initial hoie of ¯˜Z along X×D where D ⊆ S˜
is a divisor dened /Q¯. (This uses the HC.) The onlusion then follows
by funtoriality of Leray. 
Remark 1. (i) We emphasize that the passage from Z˜ 7→ ¯˜Z 7→ Z¯ 7→ Z
is not a well-dened map of yles (only
¯˜
Z 7→ Z¯ is). However, (b) says
that at least ertain invariants of Z will only depend on those of Z˜,
and not on the hoie of lifting Z˜ 7→ ¯˜Z.
(ii) Given Z˜ with (omplete) spread ¯˜Z, Z¯ should be viewed as a
spread of a speialization Z of Z˜ (dened over a eld of lesser tran-
sendene degree /Q¯). Namely, if p ∈ S(C) is very general (hene
somewhat less than very general in S˜(C)), take Z to be the restrition
of Z¯ along X×{p} →֒ X×S. [Note that this is dierent (less deliate)
than the kind of speialization onsidered in [GGP℄, [mS℄.℄
2.5. Change of spread eld. We now make a slight extension to the
ase where X is not dened /Q¯, to be used in Corollary 2 (and, to a
lesser extent, Example 3).
Suppose we have L ⊆ K [⊆ C] both f.g. /Q¯, with trdeg(K/L) =: t ≥
1. Then ∃ S/Q¯ with s ∈ S(C) suh that evs : Q¯(S)
∼=
→ K, and M/Q¯
with a morphism
12 ρ : S → M suh that evρ(s) : Q¯(M)
∼=
→ L. Write
µ = ρ(s) ∈ M(C) and T := ρ−1(µ)
ι
→֒ SL, and note that L(T ) ∼= K
12
If S, M ome from Lemma 1(a), ρ is a priori a rational map, restriting to a
morphism only on U ⊆ S Zariski open. Take the losure in S ×M of graph(ρ|U ) ⊆
U ×M ⊆ S ×M and let S ′ be a desingularization of the result. Then one has
obvious morphisms S ′ ։ S and S ′ →M, and the rst is a birational equivalene
(Q¯(S ′) ∼= Q¯(S)); so just take S in the above to be S ′.
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(again via evs). Let X be dened /L and Z ∈ Zp(XK); then one has
omplete Q¯-spreads Z¯ ∈ Zp(X¯/Q¯) and X¯
π
→ S, formally restriting
to X := lim←−π
−1(U) [over U/Q¯ ⊆ S ane Zar. op.℄ and Z ∈ Z
p(X).
Moreover, one has the partial (L-)spreads
X¯L ×SL T = XL × T
ι
→֒ X¯L and Z¯T := ι
∗(Z¯L) ∈ Z
p(XL × T ) ;
we write ηT = lim←−V [V/L ⊆ T ane Zar. op.℄ and note that this is
formally the restrition to T of (ηS)L.
By funtoriality of the Deligne lass we get a ommuting diagram
CHp(X/K)
∼= //
∼=
((QQ
Q
Q
Q
Q
Q
Q
Q
Q
Q
Q
Q
Q
Q
CHp(X/Q¯)
cD //

H2pD (X
an
C ,Q(p))
ι∗

CHp(XL × ηT /L)
cD // H2pD ((X × ηT )
an
C ,Q(p))
where the two
∼='s are (resp.) Q¯- and L-spread maps. Writing ΨK/Q¯
and ΨK/L for the top and bottom ompositions, the Leray ltrations
on HD for X¯
π
→ S and X ×T
πT→ T indue (via the two Ψ's) ltrations
L•
K/Q¯
⊆ L•K/L on CH
p(X/K). (That ι∗(L•π) ⊆ L
•
πT
follows from Lewis's
expliit desription of L• on H∗D on the level of representative Deligne-
homology ohains.) Hene we have maps
Ψ
K/Q¯
i : L
i
(K/Q¯)CH
p(X/K)→ GriLpiH
2p
D (X,Q(p)),
Ψ
K/L
i : L
i
K/LCH
p(X/K)→ GriLpiT H
2p
D (X × ηT ,Q(p)).
The former extends the Ψ
K/Q¯
i dened [for the ase X = X × ηS ℄ in §2.4
above, but is diult to ompute; the latter is easy to ompute with
(2), (3), (4), and Ψ
K/L
i = ι
∗ ◦ ΨK/Q¯i on Z ∈ L
i
K/Q¯
. We state what we
will use:
Lemma 4. If Z ∈ LiK/LCH
p(X/K) and Ψ
K/L
i (Z) 6= 0, then Z /
rat
≡ 0.
More preisely, one of two things is true:
(i) Z /∈ Li
K/Q¯
,
(ii) Z ∈ Li
K/Q¯
and Ψ
K/Q¯
i (Z) 6= 0.
Remark 2. For example 3 it will also be helpful to note that Ψ
K/Q¯
i (Z)
resp. Ψ
K/L
i (Z) split as before into [Z]i and [AJ(Z)]i−1, resp. [ZT ]i
and [AJ(ZT )]i−1, with e.g. [Z]i ∈ Hom
MHS
(Q(−p), H i(ηS , R2p−iπ∗Q))
being sent to [ZT ]i by ι
∗
.
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2.6. Exterior produts of yles respet the ltration. In the
more general ontext where X may not be dened /Q¯, and for yles of
any odimension, it is proved in [L1℄ that on CH∗(X/C), Li ·Lj ⊆ Li+j
under the intersetion produt. Moreover, push-forwards and pullbaks
preserve L•. This leads immediately to the following.
Lemma 5. Given Zi ∈ L
ji
Ki/Q¯
CH0(Yi/Ki) for i = 1, 2, we have Z :=
Z1 ×Z2 ∈ L
j1+j2
K/Q¯
CH0(X/K) where K := Q¯(K1, K2) and X = Y1 × Y2.
Proof. Writing πi : X ։ Yi (i = 1, 2), Z = (π∗1Z1) · (π
∗
2Z2) and we use
the 2 properties of L• just mentioned. 
Remark 3. We emphasize that the Yi need not be dened /Q¯, and that
K1, K2 need not be algebraially independent in the sense of Lemma
1(b); they ould even be the same eld (so that K = K1 = K2).
3. General × speial
In this setion we present various results and examples whih are
all variations on the following theme: that the produt of a 0-yle
whih is general in some appropriate sense by a speial 0-yle with
nontrivial Albanese image, is not rationally equivalent to zero.
Theorem 1. Consider Y1 and Y2 smooth projetive varieties /Q¯ with
resp. dimensions d1 and d2. Let K ⊆ C be f.g. /Q¯ of trdeg. j, and
V ∈ LjCH0(Y1/K) be suh that its omplete spread V¯ ∈ Zd1(S×Y1/Q¯)
indues a nontrivial map Ωj(Y1)→ Ωj(S) of holomorphi forms. Take
W ∈ CHhom0 (Y2/Q¯) with 0 6= AJY2(W) ∈ J
d2(Y2) := J
d2(H2d2−1(Y2)).
Then Z := V × W ∈ CH0(Y1 × Y2/K) is not zero (i.e., mod
rat
≡).
In partiular, Z ∈ Lj+1CH0 and [Z] = 0; but [AJ(Z)]j 6= 0 (equiv.
AJ jX(Z) 6= 0), hene Z /∈ L
j+2
.
Proof. The fundamental lass [V¯] has jth Künneth omponent
[V¯]j ∈ H
j(S)⊗H2d1−j(Y1),
whih also lies in the r.h.s. of{
Hj(S,C)⊗H2d1−j(Y1,C)
}(d1,d1)
=
j⊕
i=0
H i, j−i(S,C)⊗Hd1−i, d1+i−j(Y1,C).
We may write uniquely [V¯]j =
∑j
i=1[V¯](i, j−i) and [V¯](j,0) =∑
ℓ αℓ ⊗ νℓ
(
= [V¯](0,j)
)
where {αℓ} is a basis of Hj,0(S,C) and νℓ ∈
Hd1−j, d1(Y1,C). Our hypothesis on V¯ implies at least that one νℓ, say
ν1, is nonzero.
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Set d = d1 + d2, X = Y1 × Y2. Sine W is dened /Q¯, the Q¯-spread
of Z is the restrition Z of
Z¯ = V¯×W ∈ Zd(S ×X/Q¯)
to ηS × Y1 × Y2. Already Z¯
hom
≡ 0 with bounding hain
(5) ∂−1Z¯ := V¯× ∂−1W.
of real dimension 2j + 1. (Here ∂−1W is a real 1-hain bounding on
W whih is fixed for the remainder of the proof.) Sine V ∈ Lj,
[V¯]i 7→ 0 ∈ H i(ηS) ⊗ H2p−i(Y1) for all i < j. Together with (5) this
implies
〈∫
∂−1Z¯
(·)
〉
7→ 0 ∈ Jp(H i(ηS)⊗H2p−i−1(X)), hene [AJ(Z)]i = 0
(∀ i < j) and Z ∈ Lj+1.
Let [V¯]∨j ∈ H
j(S)⊗Hj(Y1) be any rational type (j, j)-lass dual to
13
[V¯]j, and let ann([V¯]j) ⊆ H
j(S) ⊗ Hj(Y1) be the subHS annihilated
by [V¯]j . Consider the following relative dual pairs of HS's (the H's of
weight 2d− 1, the K's of weight 2j + 1):
H0 = H
j(S)⊗H2d−j−1(X) ⊇ Hj(S)⊗H2d1−j(Y1)⊗H
2d2−1(Y2) = H1 ,
K0 = H
j(S)⊗Hj+1(X) ⊇ Hj(S)⊗Hj(Y1)⊗H
1(Y2) = K1 ;
and
HV = Q[V¯]j ⊗H
2d2−1(Y2) ⊆ H1, KV = Q([V¯]
∨
j )⊗H
1(Y2) ⊆ K1.
If we take Ξ˜ =
〈∫
∂−1Z¯
(·)
〉
∈
{
F j+1KC0
}∨
and ξ˜ = [V¯]j ⊗
〈∫
∂−1W
(·)
〉
∈{
F j+1KCV
}∨
then learly the former annihilates F j+1K2 =
F j+1
{
ann([V¯]j)C ⊗H1(Y2,C)
}
ompletely while agreeing with ξ˜ on
F j+1KCV = C[V¯]
∨
j ⊗H
1,0(Y2,C). Noting that 0 6= ξ = [V¯]j⊗AJY2(W) ∈
C[V¯]j ⊗ Jd2(Y2) ∼= Jd(HV) by assumption, we have from §2.2 that
ιV(ξ) = pr1(Ξ).
Now let
G0 = N
1Hj(S)⊗H2d−j−1(X) +Hj(S)⊗ F d−jh H
2d−j−1(X) ⊆ H0,
so that [AJ(Z)]j = β0(Ξ) ⊆ Jd(H0/G0) = Jd(Hj(ηS) ⊗
H2d−j−1(X)
F d−jh
).
We must hek that the image of G0 under the Künneth projetion˜pr1 : H0 ։ H1 is ontained in H1 ∩ G0. Set
N = N1Hj(S)⊗H2d1−j(Y1)⊗H
2d2−1(Y2),
13
i.e., under [the restrition of℄ the Poinaré duality pairing H2d1(S × Y1) ⊗
H2j(S × Y1)→ Q, [V¯]j ⊗ [V¯]
∨
j 7→ 1.
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F = Hj(S)⊗ F d−jh
{
H2d1−j(Y1)⊗H
2d2−1(Y2)
}
.
Sine θ : H2d−j−1(X)։ H2d1−j(Y1)⊗H
2d2−1(Y2) is a morphism of HS,
θ
(
F d−jh H
2d−j−1(X)
)
⊆ F d−jh
{
H2d1−j(Y1)⊗H
2d2−1(Y2)
}
⊆
{
H2d1−j(Y1)⊗H
2d2−1(Y2)
}
∩ F d−jh H
2d−j−1(X)
⊆ θ
(
F d−jh H
2d−j−1(X)
)
.
It follows that ˜pr1(G0) ⊆ N + F ⊆ H1 ∩ G0 ⊆ ˜pr1(G0), whih gives us
what we want but also that H1 ∩ G0 = N + F .
Now by §2.2 (Case 1) we are done if we an show that HV∩(H1∩G0)
is zero in H1.
Take p : Hj(S,C) ։ Hj,0(S,C) ⊕ H0,j(S,C) to be the projetion
with kernel Hj−1,1(S,C)⊕· · ·⊕H1,j−1(S,C) ⊇ N1Hj(S,C). Then the
indued
p1 : H
C
1 ։
{
Hj,0(S,C)⊕H0,j(S,C)
}
⊗H2d1−j(Y1,C)⊗H
2d2−1(Y2,C)
kills N .
Next let n, f, [V¯]j ⊗ Γ be arbitrary elements of NC, FC, and HCV
(Γ ∈ H2d2−1(Y2,C) arbitrary), and suppose n+ f = [V¯]j ⊗ Γ in HC1 . In
order to prove HCV∩ (NC +FC) = {0}, we must show Γ = 0. Apply p1
to both sides to get p1(f) = p1([V¯]j ⊗ Γ), i.e.
14∑
ℓ
αℓ ⊗Aℓ +
∑
ℓ
αℓ ⊗ Bℓ =
∑
ℓ
αℓ ⊗ νℓ ⊗ Γ +
∑
ℓ
αℓ ⊗ νℓ ⊗ Γ
for unique lasses Aj, Bj ∈
(
F d−jh
{
H2d1−j(Y1)⊗H2d2−1(Y2)
})
⊗ C.
Hene we must have ν1⊗Γ = A1, ν1⊗Γ = B1 in HC := H2d1−j(Y1,C)⊗
H2d2−1(Y2,C). That is, ν1 ⊗ Γ and ν1 ⊗ Γ must belong to [a subspae
of℄
H
d−j,d−1
C ⊕ · · · ⊕ H
d−1,d−j
C .
Sine ν1 is nonzero of pure type (d1 − j, d1), Γ belongs to
Hd2, d2−1(Y2,C)⊕
[
Hd2+1, d2−2(Y2,C)⊕ · · · ⊕H
d2+j−1, d2−j(Y2,C)
]
(braketed terms = 0); but sine ν1 is of type (d1, d1 − j), Γ is in[
Hd2−j, d2+j−1(Y2,C)⊕ · · · ⊕H
d2−2, d2+1(Y2,C)
]
⊕Hd2−1,d2(Y2,C).
Hene Γ = 0. 
14
here the bars over α and ν denote omplex onjugation.
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Here is one way to onstrut V on Y1 with the properties assumed
in the statement of Theorem 1. Consider some j-dimensional (possibly
singular) subvariety S/Q¯ ⊆ Y1 with desingularization S
ι
→ Y1, suh that
the restrition (ι∗) indues a nontrivial map of holomorphi j-forms.
Let p0 ∈ S(C) be very general, and write p for its image in Y1. Suppose
[∆S ] ∈ H
j(S×S) has algebrai Künneth omponents (also dened /Q¯)
[∆S ]i = [∆S(i, 2j − i)], as is the ase if S is a urve, surfae, abelian
variety, smooth omplete intersetion (in PN), or arbitrary produt of
these. Then ∆S(j, j)∗p0 ∈ LjCH0(SC), and L• is preserved under ι∗
(see [L1℄); hene V := ι∗ [∆S(j, j)∗p0] lies in L
jCH0(Y
C
1 ).
Example 1. If Y1 ⊆ PN is a (smooth) omplete intersetion with
deg(KY1) ≥ 0, take j = d1 and S = S = Y1. The onstrution gives
V = p− o, where p ∈ Y1(C) is very general and o ∈ Y1(Q¯).
Example 2. Let X = C1 × · · · × Cn be a produt of urves dened
/Q¯ eah of genus ≥ 1. On eah Ci let Wi be a divisor dened /Q¯ with
AJ(Wi) 6= 0 in J
1(Ci), pi ∈ Ci(C) be very general, oi ∈ Ci(Q¯). Assume
{p1, . . . , pn} algebraially independent in the sense that p1×· · ·×pn ∈
X(C) is very general (not dened over a eld of trdeg < n). Then for
eah j ≥ 1, take
S = C1×· · ·×Cj×{oj+2}×· · ·×{on} ⊆ C1×· · ·×Cj×Cj+2×· · ·×Cn = Y1 ,
p0 = p1 × · · · × pj(×oj+2 × · · · × on) ∈ S(C). One obtains from the
onstrution
V = (p1 − o1)× · · · × (pj − oj)× oj+2 × · · · × on ∈ L
jCH0(Y
C
1 )
whih has cljX(V) 6= 0; hene it follows from the Theorem that
Z = (p1−o1)×· · ·× (pj−oj)×Wj+1×oj+2×· · ·×on ∈ L
j+1CH0(XC)
has AJ jX(Z) 6= 0. Thus V, Z /
rat
≡ 0.
In [K1℄, this example is tied to Bloh's results ([B1℄) for 0-yles on
Abelian varieties (whih are dominated by these produts of urves).
One also gets appliations to Calabi-Yau 3-folds.
Here is a slight generalization of Theorem 1 that gives some initial
evidene that our invariants are well-behaved under produts.
Corollary 1. Let Y1, Y2, W be as in Theorem 1 and take V˜ ∈ LjCH0(Y C1 )
with cljY1(V˜) 6= 0. Then if the GHC holds, AJ
j
X(V˜ × W) 6= 0 hene
V˜ ×W /
rat
≡ 0.
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Proof. We have K˜ nitely generated /Q¯ and S˜ (dened /Q¯), suh that
V˜/K˜ and Q¯(S˜) ∼= K˜. By denition of cl
j
Y1
, 0 6= [V˜]j ∈
Hom
MHS
(
Q(−d1), Hj(ηS˜)⊗H
2d1−j(Y1)
)
. By Lemma 3(b), (c) (and HC),
∃ a j-dimensional setion S/Q¯
ι
→֒ S˜ suh that (for V¯ = ι∗ ¯˜V) [V]j =
ι∗[V˜]j 6= 0. By GHC(1, j,S) and Lemma 2, V¯
∗ : Ωj(Y1) → Ω
j(S) is
nontrivial hene [AJ(V × W)]j 6= 0 by the Theorem. Now obviously
V˜ × W ∈ Lj+1 and [ ¯˜V×W] = 0, hene [AJ(V˜×W)]j is dened and
maps to [AJ(V×W)]j under ι
∗
. 
In the Theorem and Corollary Y1, Y2, W are dened /Q¯, and we
would like to have a more exible statement. One idea is to allow Y1
(like V) to be dened /K, in suh a way that the generalized [V]j of
Remark 2 is still 6= 0. However this turns out to be too optimisti as
we now show.
Example 3. (Biellipti yle)
Let Eλ := {y2 = x(x− 1)(x− λ)}
Xλ→ P1[x]; these form a family E
π
→
M ⊆ P1[λ]. Writing oλ := (o, o), pik λ2 ∈ Q¯ and qλ2 ∈ Eλ2(Q¯) s.t.
AJ(qλ2 − oλ2) ∈ J
1(Eλ2) is nonzero. Put ǫ := Xλ2(qλ2) ∈ P
1(Q¯) and
hoose qλ ∈ X
−1
λ (ǫ) (with ǫ xed) ontinuously in λ ∈ C, whih requires
lifting to a double over E˜ → M˜ of the family.
Dene Zλ = qλ − oλ ∈ CH0(Eλ), take λ1 ∈ C \ Q¯ and set K :=
Q¯(λ1). The yle Zλ1 on Eλ1 is dened over [an algebrai extension
of℄ K; its spread Z1 on E˜ yields a normal funtion ν ∈ Γ(M˜, J 1E˜/M˜)
dened by ν(λ) := AJEλ(Zλ). One easily sees this is nontrivial (sine
it is 2-torsion at λ = ǫ but not elsewhere); arguing by monodromy,
its innitesimal invariant δν ∈ Γ
(
M˜,
Ω1
M˜
⊗H1
E˜/M˜
∇(OM˜⊗F
1H1
E˜/M˜
∼= Ω1
M˜
×H1,0
E˜/M˜
)
must be nonzero.
Aording to Remark 2, the generalized Ψ
K/Q¯
1 (Zλ1) invariant maps
to a generalized [Z1]1 ∈ Hom
MHS
(Q(−1), H1(ηM˜, R
1π∗Q)) whih itself
maps (injetively) to the innitesimal invariant, hene [Z1]1 6= 0. So in
Theorem 1's notation, Zλ1 plays the role of V (in a generalized sense),
and Zλ2 (dened /Q¯, with nontrivial AJ image) that of W.
But Zλ1 × Zλ2 = (qλ1 − oλ1) × (qλ2 − oλ2)
rat
≡ 0 (modulo 2-torsion).
This is beause (qλ1 , qλ2) is a (very general) point on the image of the
biellipti urve Eλ1 ×P1[x] Eλ2 =: B in E1 × E2. Writing σ for (−id)
on eah Ei, σ × σ indues the hyperellipti involution on B; hene an
expliit funtion on B gives
−(qλ1 , qλ2)− (σ(qλ1), σ(qλ2)) + 2(oλ1, oλ2)
rat
≡ 0.
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One now easily shows −(σ×σ)(Zλ1×Zλ2)
rat
≡ Zλ1×Zλ2
rat
≡ (σ×σ)(Zλ1×
Zλ2) ; the assertion follows.
Here, then, is the appropriate generalization.
Corollary 2. Let K ⊇ L be an extension (of trdeg ≥ j) of subelds
of C f.g. /Q¯. Let Y1, Y2, W be dened /L but otherwise as in The-
orem 1. Referring to §2.5, take V ∈ Lj
K/Q¯
CH0(Y1/K) s.t. V¯T ∈
Zd1 ((T × Y1)/L) indues Ωj(Y1)→ Ωj(T ) nontrivial.
Then Z := V ×W /
rat
≡ 0; more preisely, ΨK/Q¯j+1 (Z) 6= 0.
Proof. By the proof of Theorem 1, we have 0 6= [AJ(ZT )]trj ∈
Jd
(
Hj(ηT )⊗
H2d−j−1(X)
F d−jh
)
. Hene, Ψ
K/L
j+1 (Z) 6= 0. Sine V ∈ L
j
K/Q¯
and
W ∈ L1
K/Q¯
, Z ∈ Lj+1
K/Q¯
by Lemma 5; hene by Lemma 4, Ψ
K/Q¯
j+1 (Z) 6=
0. 
Remark 4. We expet no better, in the sense that there are situations
where [ZT ]j+1 = 0, [AJ(ZT )]j 6= 0 for the partial spread but [Z]j+1 6= 0
for the Q¯-spread. (See [K1, se. 7.1℄.)
4. General × general
As far as taking produts of yles that both spread is onerned, the
easiest ase is where eah has a nontrivial higher yle-lass. Let Y1, Y2
be dened /Q¯. If Vi ∈ LjiCH0(Yi/Ki) (for i = 1, 2) have cl
ji
Yi
(Vi) 6= 0,
then with reasonable assumptions we an expet clj1+j2Y1×Y2(V1×V2) 6= 0
(learly V1 ×V2 ∈ Lj1+j2 by Lemma 5). Namely, we need a hypothesis
that guarantees the spread of V1×V2 to be just V¯1×V¯2 on (S1×Y1)×
(S2×Y2); algebrai independene ofK1 andK2 in the sense of Lemma
1(b) is suient. Applying the GHC and Lemma 2 in eah fator, eah
V¯i indues a nonzero map Ω
ji(Yi)→ Ωji(Si); hene V¯1 × V¯2 does the
same Ωj1+j2(Y1 × Y2) → Ωj1+j2(S1 × S2) and so [V1 ×V2]j1+j2 6= 0. If
we make no assumption on K1 and K2 then there are problems:
Example 4. Let Y1 = Y2 = E /Q¯ be an ellipti urve and V1 = V2 =
p−o where p ∈ E(C) is very general and o is a Q¯-point. Then [V1]1 6= 0,
[V2]1 6= 0 but V1 × V2 = (p, p)− (o, p)− (p, o) + (o, o) is the diagonal
yle; this is
rat
≡ 0 (mod 2-torsion).
Remark 5. Should one want to generalize to Y1, Y2 not dened /Q¯,
the above assumptions  nontriviality of cljiYi(Vi) (i = 1, 2) and in-
dependene of the elds of denition of V1 and V2 (namely, K1 and
K2) over Q¯  are insuient to guarantee cl
j1+j2
Y1×Y2
(V1 × V2) 6= 0. For
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a ounterexample (in ase j1 = j2 = 1) one an simply take λ1 and
λ2 both general (and algebraially independent over Q¯) in Example 3.
However, if one takes K1 and K2 independent over the ommon eld of
dention of Y1 and Y2 (say, L), then an analogous result obviously holds
for the higher cl-type invariants arising from the partial L-spreads of
V1, V2, and V1 × V2.
Now suppose (with Yi def'd. /Q¯) Vi ∈ LjiCH0(Yi/Ki) but [Vi]ji =
0, [AJ(Vi)]ji−1 6= 0 (i = 1, 2); i.e. eah yle has nontrivial higher
AJ-lass. The situation looks more grim here for nontriviality of the
exterior produt, even if we assume K1 and K2 independent. It will
never be the ase that [AJ(V1 × V2)]j1+j2−2 6= 0, beause V1 × V2 ∈
Lj1+j2 by Lemma 5. In fat, if we started with trdeg(Ki) = ji − 1
(i = 1, 2) then all the higher yle- and AJ-lasses of V1 ×V2 are zero;
if an extension of the Bloh-Beilinson onjeture holds (see [K2℄ or [L1℄)
then this =⇒
rat
≡ 0.
The interesting problem is the asymmetri one: V1 with nontrivial
higher cl, V2 with higher AJ-lass 6= 0. Referring to Example 2, if
we take V1 = (p1 − o1) × · · · × (pm − om) (where m < n) and V2 =
(pm+1 − om+1) × · · · × (pn−1 − on−1) × Wn on Y1 = C1 × · · · × Cm
and Y2 = Cm+1 × · · · × Cn (resp.), then of ourse the produt yle is
nontrivial. More generally, one expets any Z from Theorem 1 to work
as V2.
Here is the stongest general result we ould prove; note V, W re-
plae V1, V2. Naturally we would have preferred to assume only (say)
AJ j2Y2(W˜)
tr 6= 0; see Remark 6 for a onditional improvement along
these lines.
Theorem 2. Let Y1, Y2 /Q¯ be smooth projetive w./dimensions d1, d2;
V˜ ∈ Lj1CH0(Y1/C) with cl
j1
Y1
(V˜) 6= 0; W˜ ∈ Lj2+1CH0(Y2/C) with
AJ j2Y2(W˜)
tr 6= 0 and clj2+1Y2 (W˜) = · · · = cl
d2
Y2
(W˜) = 0. Assume V˜, W˜
have resp. models over elds K1, K2 ⊆ C f.g. /Q¯ with trdegs. t1, t2,
suh that Q¯(K1, K2) has trdeg. t1 + t2. Assume the GHC.
Then V˜ ×W˜ ∈ Lj1+j2+1CH0(Y1×Y2/C) has AJ
j1+j2
Y1×Y2
(V˜ ×W˜)(tr) 6= 0.
Proof. Let
¯˜
W be a hoie of omplete spread. Sine cliY2(W˜) = 0 for
0 ≤ i ≤ d2, the image [W˜]i ∈ Hom
MHS
(
Q(−d2), H i(ηS˜2)⊗H
2d2−i(Y2)
)
of [ ¯˜W]i is zero for all i (automati for i > d2 sine Gr
i
LCH
d2 = 0
by [L1℄). Thus [ ¯˜W]i ∈ N1H i(S˜2) ⊗ H2d2−i(Y2) and by Deligne [D,
Cor. 8.2.8℄ there exist irreduible odim.-1 Q¯-subvarieties Sα on S˜2
suh that [ ¯˜W]i ∈ Gy
{
⊕αH i−2(S˜α)⊗H2d2−i(Y2)
}
. Hene [ ¯˜W] is a sum
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of Gysin images of lasses in Hom
MHS
(
Q(−d2 + 1), H
2d2−2(S˜α × Y2)
)
.
By the HC, these are given by yles; thus one may modify
¯˜
W (without
aeting W˜) so that [ ¯˜W] = 0.
By Lemma 1(b), the (omplete) spread of V˜×W˜ is just the produt of
spreads,
¯˜
V× ¯˜W. Now we speialize in both fators as in Lemma 3 and
Remark 1, obtaining (with HC) V and W exatly as in the hypotheses
of the Proposition below. (We also have to use GHC(1, j1,S1) to get
from [V]j1 6= 0 to the map of holomorphi forms.) Aording to the
Proposition, [AJ(V×W)]trj1+j2 6= 0; and [AJ(V˜×W˜)]
tr
j1+j2
maps to this
under the speialization.
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
So the proof has been redued to this statement, whih is what we
ould prove without assuming GHC.
Proposition. Let V ∈ Lj1CH0(Y1/k1), W ∈ Lj2+1CH0(Y2/k2) for
k1, k2 ⊆ C of resp. trdeg/Q¯ j1 and j2. Assume that V¯ indues a nontriv-
ial map of holomorphi j1-forms Ω
j1(Y1)→ Ωj1(S1); that [AJ(W)]trj2 6=
0; and that W has a omplete spread W¯ with [W¯] = 0. Then [AJ(V×
W)]
(tr)
j1+j2
6= 0.
Proof. (of Proposition) Clearly the rst paragraph of the proof of The-
orem 1 applies (replaing S, j by S1, j1). Dene [V¯]j , [V¯]∨j , ann
(
[V¯]j
)
as before. Set d = d1 + d2, j = j1 + j2, S = S1 × S2, X = Y1 × Y2,
Z¯ = V¯× W¯, and ∂−1Z¯ = V¯× ∂−1W¯.
We begin with the HS (omitting the obvious dual K's)
H0 = H
j(S)⊗H2d−j−1(X) ⊇
Hj1(S1)⊗H
j2(S2)⊗H
2d1−j1(Y1)⊗H
2d2−j2−1(Y2) = H1
and
G0 = F
1
hH
j(S)⊗H2d−j−1(X) +Hj(S)⊗ F d−jh H
2d−j−1(X).
Reasoning as in the proof of Thm. 1, under H0 ։ H1, G0 projets to
G0 ∩H1 = F
1
h
{
Hj1(S1)⊗H
j2(S2)
}
⊗H2d1−j1(Y1)⊗H
2d2−j2−1(Y2)
+Hj1(S1)⊗H
j2(S2)⊗F
d−j
h
{
H2d1−j1(Y1)⊗H
2d2−j2−1(Y2)
}
=: N + F .
Now dene Ξ˜ =
〈∫
∂−1Z¯
(·)
〉
∈
{
F j+1KC0
}∨
, so that [AJ(Z)]trj projets
to
16 β0(Ξ) ∈ Jd(H0/G0); this is what we must show nonzero. Write
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That this map is well-dened simply follows from well-denedness of
Hj1+j2(S˜1 × S˜2)/N1 → Hj1+j2(S1 × S2)/N1 (argue as in proof of Lemma 3(b)).
16
equals if GHC(1, j,S) holds
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σ23 : H1
∼=
→ Hj1(S1) ⊗ H2d1−j1(Y1) ⊗ Hj2(S2) ⊗ H2d2−j2−1(Y2) for the
map exhanging the 2nd and 3rd ⊗-fators, and dene HV by
σ23(HV) = Q[V¯]j1 ⊗H
j2(S2)⊗H
2d2−j2−1(Y2).
Set ξ˜ = [V¯]j1 ⊗
〈∫
∂−1W¯
(·)
〉
∈
{
F j+1KCV
}∨
; then Ξ˜ annihilates F j+1KC2
and agrees with ξ˜ on F j+1KCV, so that ιV(ξ) = pr1(Ξ). Now dene G1
by
σ23(G1) = H
j1(S1)⊗H
2d1−j1(Y1)⊗SF
(1, d2−j2)
h
{
Hj2(S2)⊗H
2d2−j2−1(Y2)
}
.
By assumption (nontriviality of [AJ(W)]trj2), πV(ξ) is nonzero in
J
(
HV
G1∩HV
)
∼= C[V¯]j ⊗ Jd2
(
Hj2 (S2)⊗H2d2−j2−1(Y2)
SF
(1, d2−j2)
h {num}
)
. Aording to §2.2
(Case 2) we are done modulo showing
(N + F) ∩HV ⊆ G1.
Projeting along the Hodge deomposition in eah fator,
p
′
1 : H
C
1 ։ H
j1,0(S1,C)⊗H
j2,0(S2,C)⊗H
d1−j1,d1(Y1,C)⊗H
d2−j2−1,d2(Y2,C)
kills N and F . Write {αi} for a basis of Hj1,0(S1,C), and {Γℓ}Mℓ=1
for a basis of H2d2−j2−1(Y2,C) s.t. {Γℓ}rℓ=1 ⊆ H
d2−j2−1,d2(Y2,C) and
{Γℓ}Mℓ=r+1 ⊆ F
d2−j2H2d2−j2−1(Y2,C). Let
n+ f =
M∑
ℓ=1
σ−123
(
[V¯]j1 ⊗ γℓ ⊗ Γℓ
)
be an arbitrary element of (NC + FC)∩HCV, where eah γℓ ∈ H
j2(S2,C)
has a Hodge deomposition
∑
p+q=j2
γ
(p,q)
ℓ . Applying p
′
1 gives
0 =
∑
i
r∑
ℓ=1
αi ⊗ γ
(j2,0)
ℓ ⊗ νi ⊗ Γℓ ;
sine ν1 6= 0 this implies
0 =
r∑
ℓ=1
α1 ⊗ γ
(j2,0)
ℓ ⊗ ν1 ⊗ Γℓ .
Hene for ℓ = 1, . . . , r we have γ
(j2,0)
ℓ = 0, i.e. γℓ ∈ F
1Hj2(S2,C).
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It
follows that
(6) ∑M
ℓ=1 γℓ ⊗ Γℓ ∈ F
1Hj2(S2,C)⊗H2d2−j2−1(Y2,C)
+ Hj2(S2,C)⊗ F d2−j2H2d2−j2−1(Y2,C).
17
here (and similarly below) the bar denotes omplex onjugation
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An argument symmetri in Hodge types (starting from the denition
of p
′
1, replae all (p, q)'s by (q, p)'s) shows
(7) ∑M
ℓ=1 γℓ ⊗ Γℓ ∈ F
1Hj2(S2,C)⊗H2d2−j2−1(Y2,C)
+ Hj2(S2,C)⊗ F d2−j2H2d2−j2−1(Y2,C).
Hene
∑
γℓ ⊗ Γℓ lives in the intersetion
F 1Hj2(S2,C)⊗ F
d2−j2H2d2−j2−1(Y2,C)
+F 1Hj2(S2,C)⊗ F d2−j2H2d2−j2−1(Y2,C)
= SF (1, d2−j2)
{
Hj2(S2,C)⊗H
2d2−j2−1(Y2,C)
}
of (6) and (7); and so (N + F) ∩ HV lies in [the C-vetor spae℄
σ−123
(
Q[V¯]j1 ⊗ SF
(1,d2−j2)
)
. But (N+F)∩HV is a HS, hene it atually
lies in the largest subHS (of, say, HV) ontained in
σ−123
(
Q[V¯]j1 ⊗ SF
(1,d2−j2)
)
, whih (using purity of Q[V¯]j1) is [the Q-
vetor spae℄ σ−123
(
Q[V¯]j1 ⊗ SF
(1,d2−j2)
h
)
. Obviously this gives ontain-
ment in G1 and ompletes the proof. 
Remark 6. (i) Theorem 1 is the ase j2 = 0.
(ii) It is easy to show (by sharpening slightly the argument in the
proof of Thm. 1) that the yles Z with nontrivial [AJ(Z)]trj produed
by Thm. 1 atually have nontrivial [AJ(Z)]trj , hene would make a
suitable hoie of W for the above Proposition. (If this were not the
ase, one would expet a stronger Proposition to be true!)
(iii) Assume the GHC. Then in the statement of the above Proposi-
tion, we may relax the requirement on W to [AJ(W)]trj2 6= 0 provided
F 1h
{
Hj1(S1)⊗H
j2(S2)
}
= F 1hH
j1(S1)⊗H
j2(S2)+H
j1(S1)⊗F
1
hH
j2(S2)
and
F d−j
{
H2d1−j1(Y1)⊗H
2d2−j2−1(Y2)
}
=
F d1−j1+1h H
2d1−j1(Y1)⊗H
2d2−j2−1(Y2)+H
2d1−j1(Y1)⊗F
d2−j2
h H
2d2−j2−1(Y2).
(These are deidedly not satised if e.g. S1 = S2.)
Proof. (of Rem. 6(iii)) In this ase N + F is annihilated by the pro-
jetion from H1 to
Hj1(S1)
F 1h
⊗
Hj2(S2)
F 1h
⊗
H2d1−j1(Y1)
F d1−j1+1h
⊗
H2d2−j2−1(Y2)
F d2−j2h
,
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and it follows that
∑
γℓ ⊗ Γℓ lies in F 1hH
j2(S2) ⊗ H2d2−j2−1(Y2) +
Hj2(S2)⊗F
d2−j2
h H
2d2−j2−1(Y2). Writing σ23(G ′1) forH
j1(S1)⊗H2d1−j1(Y1)
tensor this, G ′1 replaes G1 in the above argument and πV(ξ) need only
be assumed nontrivial in
Jd
(
HV
G ′1 ∩HV
)
∼= C[V¯]j1 ⊗ J
d2
(
Hj2(ηS2)⊗
H2d2−j2−1(Y2)
F d2−j2h {num}
)
(assuming GHC(1, j2,S2) for the ∼=). 
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